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Abstract
We investigate in the context of the scattering equations, how one-loop linear propagator inte-
grands in gauge theories can be linked to integrands with quadratic propagators using a double
forward limit. We illustrate our procedure through examples and demonstrate how the different
parts of the derived quadratic integrand are consistent with cut-integrands derived from four-
dimensional generalized unitarity. We also comment on applications and discuss possible further
generalizations.
PACS numbers: 11.15.Bt, 12.38.Bx, 11.15.-q
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I. INTRODUCTION
The search for computational techniques for scattering amplitudes in quantum field theory
is an area under constant development. In the remarkable series of papers by Cachazo, He
and Yuan (CHY) [1–3] it was shown that one can obtain tree-level S-matrix amplitudes in
arbitrary dimension for a broad variety of theories, in the context of the so-called scattering
equations:
Si ≡
(∑
j 6=i
sij
zi − zj
= 0
)
, i ∈ {1, 2, .., n} . (I.1)
Here sij ≡ (ki+kj)
2 are the usual Mandelstam invariants, defined from the external momenta
ki and kj , and the variables z i and zj are auxiliary coordinates. The scattering equations
exhibit PSL(2,C) invariance, and thus only a subset of them are independent. Amplitudes
are given by a contour integral enclosing the solutions to the scattering equations,
An ≡
∫
Γ
dµn I
CHY(z ) , (I.2)
where ICHY(z ) is the integrand and we employ the integration measure, dµn,
dµn ≡
∏n
a=1 dza
Vol (PSL(2,C))
×
(zi − zj) (zj − zk) (zk − zi)∏n
b6=i,j,k Sb
. (I.3)
Given the tree-level scattering equation formalism, it is natural to speculate about possible
loop-level applications. A breakthrough was provided when Geyer, Mason, Monteiro, and
Tourkine [4] provided an explicit formalism in the context of ambitwistor string theory [5, 6].
This was followed by work on one-loop scalar φ3 theories [7] (see also Ref. [8]) extending
the tree-level scattering equation integration rules [9] to loop level. The main idea behind
the scattering equation extensions at the one-loop level is the observation that the forward
limit of loop amplitudes can be addressed by adding to tree-level scattering processes two
additional off-shell loop momenta which are equal and opposite. A two-loop version of this
formalism was developed in Refs. [10, 11].
A feature of the scattering equation formalism is that propagators are obtained linearly
instead of quadratically. Quadratic propagators can be decomposed in terms of linear prop-
agators through partial fraction decompositions [4, 7, 12–14], but it is usually extremely
complicated to rewrite linear propagator integrands in terms of quadratic ones through
a simple procedure since it involves reassembling terms of partial fractions and shifts of
2
momenta, as well as including terms that vanish under integration. Although linear decom-
positions of loop amplitudes can be utilized directly using the Q-cut technology pioneered in
Ref. [13], there can still be advantages associated with rewriting loop amplitude integrands,
phrased in terms of linear propagators, as quadratic ones, to enjoy the computational tech-
nology developed over decades.
A method for extending the ambitwistor string in D = 4 at tree level to one-loop that
give rise to integrands with quadratic propagators for supersymmetric theories was first
proposed by Farrow and Lipstein in Ref. [15]. Alternatively, scalar quadratic propagator
integrands at loop level from linear propagator integrands can also be obtained using results
of Refs. [16, 17]. Here a double forward limit is employed with four extra loop legs instead
of the usual two. When the two extra on-shell loop momenta are combined into two off-shell
loop momenta, we gain a direct path to traditional quadratic integrands. In order to pioneer
such a formalism for gauge theory integrands, we will draw on inspiration from Ref. [17], as
well as the technology recently developed in Refs. [12, 18–23].
As a reference for the integrands we generate from the procedure, we will refer to a
D = 4 − 2ǫ integral basis decomposition of one-loop amplitudes, discussed e.g. in [24–
27]. Here amplitudes are decomposed into linear combinations of n-gon integrals I
(l)
n with
quadratic propagators integrated over D = 4−2ǫ dimensions and multiplied with coefficients
C
(l)
n ,
A(1) =
∑
i
C
(i)
4 I
(i)
4 +
∑
j
C
(j)
3 I
(j)
3 +
∑
k
C
(k)
2 I
(k)
2 + rational term . (I.4)
The gauge-invariant integral coefficients C
(l)
n can be deduced from integrand reduction or
four-dimensional unitarity, and we refer to,
A˜(1) =
∑
i
C
(i)
4 I
(i)
4 +
∑
j
C
(j)
3 I
(j)
3 +
∑
k
C
(k)
2 I
(k)
2 , (I.5)
as the four-dimensional cut-constructible part of the amplitude. The main focus of this
paper will be the construction of a quadratic propagator integrand from which the four-
dimensional cut-constructible part of the amplitude can be inferred, starting from a linear
propagator integrand.
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The paper is organized as follows. In Sec. II we outline how to obtain the representations
for gauge theory integrands with linear propagators from the scattering equations. In Sec. III
we demonstrate how to use the results from Sec. II to derive loop integrands with quadratic
propagators and to validate the construction using four-dimensional unitarity. Sec. VII
contains our conclusions and discussions. There are three appendices.
II. YANG-MILLS GAUGE THEORY LINEAR PROPAGATOR ONE-LOOP AM-
PLITUDES FROM SCATTERING EQUATIONS
Yang-Mills gauge theory tree amplitudes are computed in the scattering equation formal-
ism from integrands of the type
I(0)n (α(1), α(2), . . . , α(n)) = PT[α(1), α(2), . . . , α(n)]× I
Pf
n , (II.1)
where
IPfn ≡
(−1)i+j
zi − zj
Pf
[
(Ψ)
kikj
kikj
]
, (II.2)
and Pf
[
(Ψ)
kikj
kikj
]
denotes the Pfaffian of the matrix Ψ =

 A −CT
C B

 with rows and columns
corresponding to legs ki and kj reduced and
Aij ≡


2ki·kj
zi−zj
0
Bij ≡


2ǫi·ǫj
zi−zj
0
Cij ≡


2ǫi·kj
zi−zj
for i 6= j ,
−
∑
l 6=i
2ǫi·kl
zi−zl
for i = j .
(II.3)
Here ǫi denotes polarizations and we employ the short-hand notation zij ≡ zi − zj as well
as ka1a2···ap ≡ ka1 + ka2 + · · ·+ kap. Given the ordering of the legs {α(1), α(2), . . . , α(n)} ≡
α(1, 2, ..., n) ≡ αn we define the Parke-Taylor factor
PT[αn] ≡
1
(zα(1) − zα(2)) (zα(2) − zα(3)) · · · (zα(n−1) − zα(n)) (zα(n) − zα(1))
. (II.4)
To use the scattering equation formalism to derive one-loop integrands in Yang-Mills theory,
we will exploit knowledge about loop integrands in scalar φ3 theories in the forward limit.
In Ref. [7] it was shown how one-loop amplitudes with αn external legs could be derived
from Parke-Taylor integrands such as(∑
cyclic
PT[ℓ+, αn, ℓ
−]
)2
, (II.5)
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where ℓ+ = −ℓ− ≡ ℓ and where the sum is over cyclic permutations of αn. To extend this
construction to Yang-Mills theory it is natural to use the following integrand
I(1)n (αn) =
1
ℓ2
(∑
cyclic
PT[ℓ+, αn, ℓ
−]
)
×
(
(−1)n+2
zℓ+ − zℓ−
D−2∑
r=1
Pf
[
(Ψn+2)
ℓ+ ℓ−
ℓ+ ℓ−
])
. (II.6)
Here Ψn+2 is a 2(n + 2)× 2(n + 2) matrix with entries defined similarly to Eq. (II.3), sup-
plemented with two additional opposite and equivalent off-shell loop leg rows and columns,
ℓ+ and ℓ−. In the formula D denotes the dimension of the space-time and the sum in r runs
over the physical polarization degrees of freedom of the off-shell legs.
We have checked correspondence of the above integrand with the recent results of [12, 22]
and worked out several examples (up to four points) that demonstrate by direct computation
that the application of the integration rules for scalar φ3 theories combined with the results
of [18] allows identification of Yang-Mills one-loop amplitude results in the forward limit.
A convenient way to expand a given integrand I
(1)
n (αn) in one-loop pure Yang-Mills theory is
to exploit KLT orthogonality Refs. [28] and to decompose the Pfaffian contribution in terms
of products of Parke-Taylor factors and numerator coefficients that satisfy color-kinematics
identities on the support of (n+2) scattering equations Ref. [3] (see also Refs. [23, 29, 30]),
(−1)n+2
zℓ+ − zℓ−
D−2∑
r=1
Pf
[
(Ψn+2)
ℓ+ ℓ−
ℓ+ ℓ−
]
=
∑
ρn∈Sn
n(ρn; ℓ) PT[ℓ
+, ρn, ℓ
−] . (II.7)
In the expression, we sum over permutations of ρn and define
n(ρn; ℓ) ≡
D−2∑
r=1
n[ℓ+, ρn, ℓ
−] , (II.8)
corresponding to the half-ladder tree diagram shown in Fig. 1.
 l  l +
(1) (2) (n)
Figure 1. Half-ladder tree diagram associated with the one-loop color-kinematic numerator,
n[ℓ+, ρn, ℓ
−] for off-shell momenta ℓ+ and ℓ−.
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In the sum over polarizations, it is useful to introduce two reference vectors η and q satisfying
q2 = ǫr · q = 0, η · ℓ = η · ki = η · ǫi = 0 and η
2 = ℓ2. From the completeness relation it then
follows that n[ℓ+, ρn, ℓ
−] is invariant under shifts, ℓ→ ℓ+ η and that we can define
D−2∑
r=1
ǫrµ (ǫ
r
ν)
† = gµν −
ℓ˜µ qν + ℓ˜ν qµ
ℓ˜ · q
≡ ∆µν , ℓ˜ = ℓ+ η, (II.9)
which allows the formulation of the compact rules
∆µµ = D − 2, ∆µνV
µW ν = V ·W, for any V,W ∈ {ki, ǫi} . (II.10)
An integrand at one-loop for pure Yang-Mills theory with linear propagators that utilizes
color-kinematic identities is thus
I(1)n (αn) =
1
ℓ2
×
∑
cyclic
PT[ℓ+, αn, ℓ
−]×
∑
ρn∈Sn
n(ρn; ℓ) PT[ℓ
+, ρn, ℓ
−]. (II.11)
It is important to note that color-kinematic numerators (also known as Bern-Carrasco-
Johansson (BCJ) (for a review see Ref. [31]) numerators), do not have a unique represen-
tation (see for instance Ref. [32–34]). We will in this presentation employ the numerator
representation of Ref. [34].
III. QUADRATIC PROPAGATORS
Armed with the machinery for integrands with linear propagators, we now develop a
formalism for computing one-loop Yang-Mills integrands with traditional quadratic propa-
gators. Since we work at the one-loop level it suffices to consider planar contributions. The
basic idea is to consider a double forward limit of four massless on-shell gluons instead of
the single forward limit we discussed so far. In the double forward limit we use ℓ ≡ ℓ1 + ℓ2
and ℓ2i = 0 with ℓ
2 6= 0. Based on the above ideas and the linear propagator construction,
we now propose the following integrand for Yang-Mills amplitudes in the double forward
limit
I
(1)
Qn(αn)=PT
(1)[αn]
∑
ρn∈Sn
N(ρn; ℓ1, ℓ2) PT[ℓ
+
1, ℓ
+
2, ρn, ℓ
−
2, ℓ
−
1 ] , (III.1)
PT (1)[αn]≡
∑
cyclic
PT[ℓ+2, ℓ
+
1, αn, ℓ
−
1, ℓ
−
2 ] =
PT[ℓ+1 , ℓ
+
2 , ℓ
−
2 , ℓ
−
1 ]
PT[ℓ+1, ℓ
−
1 ]
∑
cyclic
PT[ℓ+1, αn, ℓ
−
1 ] , (III.2)
N(ρn; ℓ1, ℓ2)≡
D−2∑
r2=1
D−2∑
r1=1
n[ℓ+1 , ℓ
+
2 , ρn, ℓ
−
2 , ℓ
−
1 ] . (III.3)
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The sum in r1 and r2 run over the polarization degrees of freedom and n[ℓ
+
1 , ℓ
+
2 , ρn, ℓ
−
2 , ℓ
−
1 ], is
the color-kinematic numerator corresponding to the propagator structure of the tree diagram
in Fig. 2.
 l 
 l 
 l 
 l 
+
+
-
-
ρ (1) ρ (2) ρ (n)
1 1
22
Figure 2. Half-ladder tree diagram associated with the one-loop color-kinematic numerator:
n[ℓ+1 , ℓ
+
2 , ρn, ℓ
−
1 , ℓ
−
2 ] for on-shell ℓ
+
1 , ℓ
−
1 , ℓ
+
2 and ℓ
−
2 .
We must in the double forward-limit at one-loop level specify additional rules for the sum
over polarizations. They are as follows
D−2∑
ri=1
ǫriµ (ǫ
ri
ν )
† ≡ ∆iµν , i ∈ {1, 2} , (III.4)
thus the double-forward limit is derived from
(∆i)µµ = (∆
1)µν(∆
2)µν = D − 2, (III.5)
(∆i)µνV
µW ν = (∆i)αµ(∆
j)ανV
µW ν = V ·W,
(∆i)µνℓ
µ
j V
ν = V · ℓj, (∆
i)µνℓ
µ
j ℓ
ν
j = (∆
i)αµ(∆
j)ανℓ
µ
j V
ν = 0
(∆1)αµ(∆
2)ανℓ
µ
2ℓ
ν
1 = 0, for any V,W ∈ {ki, ǫi} and i 6= j. (III.6)
We now make the surprising observation that nontrivial algebraic connections exist between
linear and quadratic numerators (although we do not have formal proof of this relation we
have preformed extensive algebraic checks, up to n = 5.)
N(ρn; ℓ1, ℓ2) =
ℓ2
2
n(ρn; ℓ) + (D − 4)f(ℓ, ℓ˜) . (III.7)
Here ℓ˜ ≡ ℓ1− ℓ2, and where f(ℓ, ℓ˜) is a nontrivial function. For instance, let us consider the
simplest example, two particles, here we obtain,
N(1, 2; ℓ1, ℓ2) =
ℓ2
2
n(1, 2; ℓ) + (D − 4)f12(ℓ, ℓ˜), (III.8)
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where (the numerator, N(2, 1; ℓ1, ℓ2), is obtained by relabeling, 1↔ 2.)
n(1, 2; ℓ) = 2(D − 2) [2(ǫ1 · ℓ)(ǫ2 · ℓ)− (ǫ1 · ǫ2)(k1 · ℓ)] , (III.9)
f12(ℓ, ℓ˜) = (ǫ1 · ǫ2)
[
(k1 · ℓ)− (k1 · ℓ˜)
]2
. (III.10)
If we are only interested in the parts of the integrand that can be derived from four-
dimensional unitarity we do not have to consider the contribution f(ℓ, ℓ˜) and the linear
and quadratic numerators become proportional.
We thus arrive at the following simple prescription for the four-dimensional cut-constructible
part of the Yang-Mills one-loop integrand
I(1)(1, 2, . . . , n) =
∫
dΩ
∫
dµ(n+4) I
(1)
Qn(αn) , (III.11)
I
(1)
Qn(αn) =
ℓ2
2
× PT (1)[αn]
PT[ℓ+1 , ℓ
+
2 , ℓ
−
2 , ℓ
−
1 ]
PT[ℓ+2 , ℓ
−
2 ]
∑
ρn∈Sn
n(ρn; ℓ) PT[ℓ
+
2 , ρn, ℓ
−
2 ] ,
The identification: ℓ+i = −ℓ
−
i and ℓ
+
1 +ℓ
+
2 = ℓ, is provided by
∫
dΩ ≡
∫
dD(ℓ+1 +ℓ
+
2 ) δ
(D)(ℓ+1 +
ℓ+2 − ℓ) d
Dℓ−2 δ
(D)(ℓ+2 + ℓ
−
2 ) d
Dℓ−1 δ
(D)(ℓ+1 + ℓ
−
1 ) and
∫
dµ(n+4) integrate the (n+ 4) scattering
equations
Sa =
2∑
i=1
[
2 ka · ℓ
+
i
zaℓ+i
+
2 ka · ℓ
−
i
zaℓ−i
]
+
n∑
b=1
b6=a
2 ka · kb
zab
= 0, a = 1, ..., n,
Sℓ±1 =
2 ℓ±1 · ℓ
∓
1
zℓ±1 ℓ
∓
1
+
2 ℓ±1 · ℓ
+
2
zℓ±1 ℓ
+
2
+
2 ℓ±1 · ℓ
−
2
zℓ±1 ℓ
−
2
+
n∑
b=1
2 ℓ±1 · kb
zℓ±1 b
= 0
Sℓ±2 =
2 ℓ±2 · ℓ
∓
2
zℓ±2 ℓ
∓
2
+
2 ℓ±2 · ℓ
+
1
zℓ±2 ℓ
+
1
+
2 ℓ±2 · ℓ
−
1
zℓ±2 ℓ
−
1
+
n∑
b=1
2 ℓ±2 · kb
zℓ±2 b
= 0. (III.12)
To avoid any possible singular solutions of the scattering equations, we carry out the iden-
tification, ℓ+i = −ℓ
−
i and ℓ
+
1 + ℓ
+
2 = ℓ, after integration over the scattering equations.
IV. CONNECTION TO FOUR-DIMENSIONAL UNITARITY CUT
To check the validity of the above quadratic Yang-Mills integrand we will now verify that it
has to correct four-dimensional unitarity factorization into products of tree-level amplitudes
when loop-propagators go on-shell. Without loss of generality, let us consider the double-
cut (see e.g. Ref. [26]) with branch-cut discontinuities at ℓ2 = 0 and (ℓ + k1 + k2)
2 = 0 as
illustrated in Fig. 3.
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 l 
 l 
1
3
n
1
2
2kk ++
Figure 3. Double cut discontinuities: ℓ2 = 0 and (ℓ+ k1 + k2)
2 = 0.
Inspired by Ref. [35] we employ the coordinates zℓ±1 = zℓ
± + τ
ξ
ℓ±
2
, zℓ±2
= zℓ± − τ
ξ
ℓ±
2
and
integrate over the ξℓ± part of the measure dµ(n+4) in Eq. (III.11). In the integration we sum
over the residues corresponding to (ℓ+1 · ℓ
+
2 ) → 0 and (ℓ
−
1 · ℓ
−
2 ) → 0 for τ → 0 . The result
is
1
2 ℓ2
2∑
r=1
∫
dµ(n+2)
(∑
cyclic
PT[ℓ+, αn, ℓ
−]
)
(−1)n+2
zℓ+ − zℓ−
Pf
[
(Ψn+2)
ℓ+ ℓ−
ℓ+ ℓ−
]
, (IV.1)
where
∫
dµ(n+2) denotes the residual integration over the scattering equations. Now employ-
ing the technology of Refs. [2, 36, 37] we directly demonstrate that the integrand (III.11)
indeed yields the expected expression for the four-dimensional discontinuities of the one-loop
amplitude. First, we note that by the integration, the result (IV.1) is a cyclic sum of on-shell
Yang-Mills tree amplitudes. The cut integral transforms as
∫
d4ℓ δ(ℓ2) δ((ℓ+ k1 + k2)
2) →∫
d4ℓ˜ δ(ℓ˜2) δ((ℓ˜− k1 − k2)
2) under the coordinate transformation ℓ → ℓ˜ − k1 − k2. We now
have identify the factorization channels corresponding to, (ℓ+ k1 + k2)
2 = 2 ℓ · k12 + s12 and
(ℓ− k1 − k2)
2 = −2 ℓ · k12 + s12 in (IV.1), as illustrated below,
 l 
 l 
1
3
n
1
2
2kk ++
=
1
2

  l 
 l 
1
3
n
1
2
2kk ++
+
 l 
 l 
1
3
n
2
1 k
k- -
2

 .
We arrive at
1
2
2∑
r,s=1
[∮
Γ
A(0)(ℓ−r, 1, 2,−(ℓ+ k1 + k2)
−s) A(0)((ℓ+ k1 + k2)
s, 3, ..., n,−ℓr)
ℓ2 (ℓ+ k1 + k2)2
(IV.2)
+
∮
Γ˜
A(0)(ℓ−r, 3, . . . , n,−(ℓ− k1 − k2)
−s) A(0)((ℓ− k1 − k2)
s, 1, 2,−ℓr)
ℓ2 (ℓ− k1 − k2)2
]
,
where Γ and Γ˜ are the contours circling the residues at, ℓ2 = 0 and (ℓ + k1 + k2)
2 = 0 or
(ℓ − k1 − k2)
2 = 0 respectively. Finally by the shift of integration ℓ˜ = ℓ − k1 − k2, in the
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second integral, we land on the expected result
2∑
r,s=1
∮
Γ
A(0)(ℓ−r, 1, 2,−(ℓ+ k1 + k2)
−s) A(0)((ℓ+ k1 + k2)
s, 3, ..., n,−ℓr)
ℓ2 (ℓ+ k1 + k2)2
, (IV.3)
which validates our integrand construction (III.11).
V. CUT-CONSTRUCTIBLE QUADRATIC PROPAGATOR INTEGRAND FOR
YANG-MILLS AMPLITUDES FROM DOUBLE FORWARD LIMIT
In this Sec., we compute the four-point integrand using the proposal in (III.11). As an
explicit verification, we demonstrate exact agreement with the results previous obtained by
Bern et.al. in [38]. We start with
I
(1)
4 (1, 2, 3, 4) =
∫
dΩ
∫
dµ(4+4) I
(1)
Q 4(1, 2, 3, 4) , (V.1)
and after performing the integration, we immediately obtain the result
I
(1)
4 (1, 2, 3, 4) = ( I4 + I3 + I2 + I1 ) , (V.2)
where the I4, I3, I2 and I1 are given by the expressions
I4 =
∑
cyclic
1
2
n(1234; ℓ)
ℓ2(ℓ+ k1)2(ℓ+ k12)2(ℓ+ k123)2
, (V.3)
I3 =
1
2 ℓ2
∑
cyclic
1
s12
[
n([1, 2]34; ℓ)
(ℓ+k12)2(ℓ+k123)2
+
n(4[1, 2]3; ℓ)
(ℓ+k4)2(ℓ+k412)2
+
n(34[1, 2]; ℓ)
(ℓ+k3)2(ℓ+k34)2
]
,
I2 =
1
2 ℓ2
[
n([1, 2][3, 4]; ℓ)
s12 s34(ℓ+k12)2
+
, n([3, 4][1, 2]; ℓ)
s12 s34(ℓ+k34)2
+
n([2, 3][4, 1]; ℓ)
s23 s41(ℓ+k23)2
+
n([4, 1][2, 3]; ℓ)
s23 s41(ℓ+k41)2
]
,
I1 =
1
2 ℓ2
∑
cyclic
1
s234
[
n(1[2,[3, 4]]; ℓ)
s34(ℓ+k1)2
+
n([2,[3, 4]]1; ℓ)
s34(ℓ+k234)2
+
n(1[[2, 3], 4]; ℓ)
s23(ℓ+k1)2
+
n([[2, 3], 4]1; ℓ)
s23(ℓ+k234)2
]
.
We sum over cyclic permutations of the external legs {1, 2, 3, 4}, and we have introduced
the usual notation for the color-kinematic numerators
n([1, 2]34; ℓ) = n(1234; ℓ)− n(2134; ℓ),
n([1, 2][3, 4]; ℓ) = n(1234; ℓ)− n(2134; ℓ) + n(2143; ℓ)− n(1243; ℓ),
n(1[[2, 3], 4]; ℓ) = n(1234; ℓ)− n(1324; ℓ) + n(1432; ℓ)− n(1423; ℓ),
n([[2, 3], 4]1; ℓ) = n(2341; ℓ)− n(3241; ℓ) + n(4321; ℓ)− n(4231; ℓ).
(V.4)
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To simplify the above expressions, we collect all equivalent diagrams by shifting the loop
momenta. Thus, we arrive at the following one-loop integrands
I4 =
N4(1234; ℓ)
ℓ2(ℓ+ k1)2(ℓ+ k12)2(ℓ+ k123)2
,
I3 =
∑
cyclic
N3([1, 2]34; ℓ)
s12 ℓ2 (ℓ+ k12)2(ℓ+ k123)2
,
I2 =
N2([1, 2][3, 4]; ℓ)
s12 s34 ℓ2(ℓ+ k12)2
+
N2([2, 3][4, 1]; ℓ)
s23 s41 ℓ2(ℓ+ k23)2
,
I1 =
∑
cyclic
[
N1(1[2, [3, 4]]; ℓ)
s234 s34 ℓ2(ℓ+ k1)2
+
N1(1[[2, 3], 4]; ℓ)
s234 s23 ℓ2(ℓ+ k1)2
]
, (V.5)
where
N4(1234; ℓ) =
1
2
[n(1234; ℓ)+n(2341; ℓ+k1)+n(3412; ℓ+k12)+n(4123; ℓ+k123)] ,
N3([1, 2]34; ℓ) =
1
2
[n([1, 2]34; ℓ) + n(34[1, 2]; ℓ+ k12) + n(4[1, 2]3; ℓ+ k123)] ,
N2([1, 2][3, 4]; ℓ) =
1
2
[n([1, 2][3, 4]; ℓ) + n([3, 4][1, 2]; ℓ+ k12)] , (V.6)
N1(1[2, [3, 4]]; ℓ) =
1
2
[n(1[2, [3, 4]]; ℓ) + n([2, [3, 4]]1; ℓ+ k1)] ,
N1(1[[2, 3], 4]; ℓ) =
1
2
[n(1[[2, 3], 4]; ℓ) + n([[2, 3], 4]1; ℓ+ k1)] .
We note that the leg-bubbles will vanish under integration using dimensional regulariza-
tion. Clearly, N4(1234; ℓ)− N4(2134; ℓ) 6= N3([1, 2]34; ℓ), hence this is not a color-kinematic
numerator representation. Nevertheless, this new representation has the advantage that all
numerators are written in terms of one linear master numerator which is simple to perform
computations on. The four-point master numerator is provided in the Appendix. Gen-
eralizations to higher multiplicities are expected but will not be pursued here. Since the
cut-constructible part of the integrand is decomposable in a basis of box-, triangle-, and
bubble type integrands, similar to the four-point case, we expect a priori the double forward
limit for higher multiplicities to share certain generic features. The numerator relation Eq.
(III.7) has been checked analytically till five points.
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VI. QUADRUPLE AND TRIPLE CUT CONSISTENCY OF THE RESULTS
To check further the procedure and the consistency of the derived quadratic propagator
integrand (V.5), we will now consider the two types of generalized cuts illustrated in Fig. 4,
5 (in Appendix A, we give more details on the computations).
 l 
 l 
 l 
 l 
1 2
2
334
1
Figure 4. Quadruple cut given by the conditions, ℓ2 = (ℓ1)
2 = (ℓ2)
2 = (ℓ3)
2 = 0. We define,
ℓ1 ≡ ℓ+ k1, ℓ2 ≡ ℓ+ k12 and ℓ3 ≡ ℓ− k4.
The only nonvanishing helicity configurations in four dimensions are of the MHV-type,
namely (−−++) and (−+−+). For the helicity configuration (1−, 2−, 3+, 4+) we immedi-
ately identify the two quadruple cut contributions
d
(1)
1−,2−,3+,4+ = d
(2)
1−,2−,3+,4+ = i s12 s14A
(0)(1−, 2−, 3+, 4+) . (VI.1)
In this case, there is no triple cut contribution.
Now, we consider next the helicity configuration (1−, 2+, 3−, 4+) where we again verify
the quadruple cut solutions
d
(1)
1−,2+,3−,4+ = i s12 s14A
(0)(1−, 2+, 3−, 4+),
d
(2)
1−,2+,3−,4+ = i s12 s14
(
s412 + s
4
14
s413
)
A(0)(1−, 2+, 3−, 4+) .
(VI.2)
We solve the triple cut condition
ℓ2 = (ℓ− k4)
2 = (ℓ+ k1 + k2)
2 = 0 , (VI.3)
in the spinor helicity framework and identify the triangle contribution (see Fig. 5).
which is given by the expression
c{1−,2+},3−,4+ = −2is12
〈12〉 〈23〉 〈14〉 〈34〉 − 2 〈13〉2 〈24〉2
〈24〉4
. (VI.4)
All our results are in perfect agreement with the cut-constructible part of the integrand
computed by using the one-loop numerator found by Bern et.al. in Ref. [38] using the above
box and triangle coefficients.
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 l 
 l 
1 2
334
 l 2
Figure 5. Triple cut given by, ℓ2 = (ℓ2)
2 = (ℓ3)
2 = 0, where, ℓ2 ≡ ℓ+ k12 and ℓ3 ≡ ℓ− k4.
An interesting point is the following. For the ([12]34) triangle, we find
N3([1, 2]34; ℓ)
ℓ2 (ℓ− k4) 2 (ℓ+ k1 + k2) 2s12
, (VI.5)
with N3([1, 2]34; ℓ) defined in (V.6). From this it appears that we naïvely have a different
number of box and triangle contributions and one could have expected a relative factor
between box and triangle terms, since the triangle numerators are summed from three terms,
whereas the box numerators are summed from four terms. However this is too simple, and
to understand why, we have to consider the following feature of the obtained quadratic
integrands. If we decompose quadratic box type integrands into linear box type integrands
we have
 l 
1 2
34
  
Partial Fraction
−−−−−−−−−−−−−−−−→ 2

  l 
1 2
34
  

 +  l 
1
2
3
4
  
+ cyclic .
Meaning that the quadratic propagator box splits into the linear propagator box plus a con-
tribution to the linear propagator triangle. By considering the difference between a quadratic
box type integrand and a linear box type integrand we can qualify this statement. Consid-
ering the integrands for the case illustrated above one ends up with something proportional
to
(ℓ · (k1 + k2) + k1 · k2) + ℓ · k4
ℓ2ℓ · k1ℓ · k4(ℓ · (k1 + k2) + k1 · k2)
=
1
ℓ2ℓ · k1ℓ · k4
+
1
ℓ2ℓ · k1(ℓ · (k1 + k2) + k1 · k2)
. (VI.6)
Of the two terms in (VI.6), one is homogenous in ℓ and it, therefore, vanishes under integra-
tion (employing dimensional regularization) and but the other one will end up contributing
as a triangle contribution in the integrand. This is validated by the triple cut. Quadratic
propagator expressions for integrands from double forward limits and certain issues with
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such constructions have recently been the focus of Ref. [39]. We would like to note, that
for the four-point D = 4 cut-integrand and the numerators, we consider here, the difference
between the double and single forward limit boxes, is exactly a triangle as validated by the
cuts and thus avoid any potential issues. Generalizations to integrands, where f(ℓ, ℓ˜) no
longer can be neglected, has not been pursued in this paper.
VII. CONCLUSION AND DISCUSSION
We have proposed a novel scattering equation construction, that we used to deduce the
cut-constructible integrand part of one-loop Yang-Mills theories. The integrand we describe
has quadratic propagators in the loop-momentum similar to a usual Feynman expansion
due to the application of the double forward limit. To check our construction, we have
verified the consistency of our integrand with four-dimensional unitarity. An interesting
generalization of our formalism could be to investigate if it is also possible to capture the
rational terms in Eq. (I.4) alike treatments found in Refs. e.g. [46, 47].
It is possible to consider applications of our construction for integrands in the pure spinor
formalism, see Ref. [40] and well as for integrands from ambitwistor strings, see e.g.
Refs. [22, 32, 41]. Another application could be for supersymmetric theories, where the
cut-constructible integrand is sufficient to generate full amplitudes [26]. An interesting idea
is to extend the formalism considered here, to gravity amplitudes with massive sources, for
instance, in the context of Ref. [42]. Results for gravity loop amplitudes are increasingly
becoming valuable input, for research in general relativity, and in such applications, only
the cut-constructible parts of integrands are needed for the extraction of classical physics,
see for instance Ref. [43]. We leave these ideas as potential directions for future research.
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Appendix A: Box and Triangle coefficients
In this Appendix, we will provide some additional details on the box and triangle cut
computations. We obtained the coefficient of the box integral by evaluating the quadruple
cut by at the solutions of the equations
ℓ2 = (ℓ+ k1)
2 = (ℓ+ k1 + k2)
2 = (ℓ− k4)
2 = 0 , (A.1)
as shown in Fig. 4. We have two cut solutions for the loop momentum. The helicity selection
rules give us∣∣ℓ1〉 ∝ |1〉 ∝ ∣∣ℓ11〉 , ∣∣ℓ1] ∝ |4] ∝ ∣∣ℓ13] , and ∣∣ℓ13〉 ∝ |3〉 ∝ ∣∣ℓ12〉 ,∣∣ℓ2] ∝ |1] ∝ ∣∣ℓ22] , ∣∣ℓ2〉 ∝ |4〉 ∝ ∣∣ℓ23〉 , and ∣∣ℓ23] ∝ |3] ∝ ∣∣ℓ22] ,
where the superscript denotes a particular solution to the cut and we have defined ℓ1 = ℓ+k1
and ℓ3 = ℓ− k4. From this we find the two solutions∣∣ℓ1〉 [ℓ1∣∣ = 〈34〉
〈31〉
|1〉 [4| , and
∣∣ℓ2〉 [ℓ2∣∣ = [34]
[31]
|4〉 [1| , (A.2)
and we can then evaluate our result on the box cut.
For the triangle coefficient we focus on the nonvanishing helicity configuration ({1−, 2+}, 3−,
4+) (all other configurations can be related to this case by relabeling.) We consider now the
triple cut solution
ℓ2 = (ℓ+ k1 + k2)
2 = (ℓ− k4)
2 = 0 , (A.3)
such as it is illustrated in Fig. 5.
The triple cut has a leftover integration in four-dimensional unitarity, thus we parametrize
the remaining integration by a parameter t. Because the triple cut has a quadratic constraint,
there will be two solutions. We find∣∣ℓ13〉 ∝ |3〉 , ∣∣ℓ13] ∝ |4] , and ∣∣ℓ23〉 ∝ |4〉 , ∣∣ℓ23] ∝ |3] , (A.4)
where again the superscript denotes the particular solution to the cut. If we solve it up to
the parameter t we can write∣∣ℓ13〉 = t |3〉 , ∣∣ℓ13] = |4] , and ∣∣ℓ23〉 = |4〉 , ∣∣ℓ23] = t |3] . (A.5)
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The rest of the loop-momentum spinors are then determined by momentum conservation.
This solution exactly matches that of [44]. Computing the triangle coefficient, both the
box-terms and triangle-terms in the amplitude will contribute. The contribution will be of
the form
N4(1234; ℓ)
2k1 · ℓ
, and
N3([12]34; ℓ)
s12
. (A.6)
Evaluating these contributions on the cut, and extracting the residue at infinity we obtain
the triangle coefficient
c{1−,2+},3−,4+ = −2is12
〈12〉 〈23〉 〈14〉 〈34〉 − 2 〈13〉2 〈24〉2
〈24〉4
. (A.7)
We have checked numerically that we have an exact match with the result of [38, 45].
Appendix B: Four-point master numerator, n(1234; ℓ)
To compute the color-kinematic numerators using the algorithm of Ref. [34], it is necessary
to choose a reference ordering. We specify the reference ordering, RO, in the following way
by, n(ρn|RO; ℓ) and N(ρn|RO; ℓ1, ℓ2). Symmetric combinations are
n(ρn; ℓ) =
1
2 (n!)
∑
RO∈Sn
{
n(ρn|RO; ℓ) + (−1)
nn(ρˆn|RO;−ℓ)
}
, (B.1)
N(ρn; ℓ1, ℓ2) =
1
2 (n!)
∑
RO∈Sn
{
N(ρn|RO; ℓ1, ℓ2) + (−1)
nN(ρˆn|RO;−ℓ1,−ℓ2)
}
, (B.2)
where ρˆn = ρ(n, n − 1, ..., 1) is the reverse of ρn which appears in order to include the
symmetry, ℓ → −ℓ. The numerator n(1234; ℓ) is computed in the symmetric combination.
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n(1234; ℓ) =
[
(2ǫ1 · ǫ4ǫ2 · ǫ3 − ǫ1 · ǫ3ǫ2 · ǫ4 − 3ǫ1 · ǫ2ǫ3 · ǫ4) (k1 · k2)
2
+
{
1
4
(−5k1 · ℓ+ 8k1 · k4 + 5k4 · ℓ) ǫ1 · ǫ4ǫ2 · ǫ3 +
[
2ǫ1 · ǫ4 (ǫ2 · k1 + ǫ2 · · · k4)
+
(
5−
D
2
)
ǫ1 · ℓǫ2 · ǫ4
]
ǫ3 · ℓ+
(
−2ǫ1 · ǫ4ǫ2 · ℓ−
1
6
((D − 14)ǫ1 · ℓ+ 6ǫ1 · k3) ǫ2 · ǫ4
)
ǫ3 · k1
+ǫ2 · ǫ4
(
(k1 · k3 + k3 · l) ǫ1 · ǫ3 − 2ǫ1 · k4ǫ3 · ℓ+
1
3
((D − 14)ǫ1 · ℓ+ 6ǫ1 · k4) ǫ3 · k4
)
−
1
6
[
ǫ1 · ℓ (−3(D − 10)ǫ2 · ℓ− (D − 14) (ǫ2 · k1 − 2ǫ2 · k4))
+6 (ǫ1 · k3ǫ2 · k1 + ǫ1 · k4 (ǫ2 · k1 + 2ǫ2 · k4))
]
ǫ3 · ǫ4
+
1
6
[
− (ǫ1 · ǫ3) (3(D − 2)ǫ2 · ℓ+ 2(D − 2)ǫ2 · k1 − (D − 14)ǫ2 · k4)
− (6(D − 6)ǫ1 · ℓ− 2ǫ1 · k4 +D (2ǫ1 · k3 + ǫ1 · k4)) ǫ2 · ǫ3 + 2ǫ1 · ǫ2
[
3(D − 6)ǫ3 · ℓ
+(D − 8) (ǫ3 · k1 − 2ǫ3 · k4)
] ]
ǫ4 · ℓ+
(
ǫ1 · ǫ3 (2 (ǫ2 · ℓ+ ǫ2 · k1) + ǫ2 · k4)
−
1
6
(D + 10)ǫ1 · ℓǫ2 · ǫ3 − 2ǫ1 · ǫ2 (ǫ3 · ℓ+ ǫ3 · k1 − ǫ3 · k4)
)
ǫ4 · k1
+
(
ǫ1 · ǫ3ǫ2 · k4 −
1
3
(D − 2)ǫ1 · ℓǫ2 · ǫ3 + 2ǫ1 · ǫ2ǫ3 · k4
)
ǫ4 · k3
}
k1 · k2
−
1
4
(D − 2)
(
(ǫ1 · ǫ4ǫ2 · ǫ3 + ǫ1 · ǫ3ǫ2 · ǫ4) (k1 · ℓ)
2 + (k4 · ℓ)
2ǫ1 · ǫ2ǫ3 · ǫ4
)
+
[(
− (k4 · ℓ) ǫ1 · ℓ−
2
3
(− (k1 · ℓ) + 2k1 · k2 + 3k1 · k3 + k3 · ℓ) ǫ1 · k3
)
ǫ2 · ǫ3
+ (2(D − 2)ǫ1 · ℓ (ǫ2 · ℓ+ ǫ2 · k1)− 4 (ǫ1 · k3 + ǫ1 · k4) ǫ2 · k1) ǫ3 · ℓ
+ (−2ǫ1 · k3 (ǫ2 · k4 − 2ǫ2 · ℓ)− 2 (ǫ1 · k4 − 2ǫ1 · ℓ) (ǫ2 · k1 + ǫ2 · k4)) ǫ3 · k1
+ [k1 · k4ǫ1 · ǫ2 + (−2(D − 4)ǫ1 · ℓ+ 2ǫ1 · k3 + 4ǫ1 · k4) ǫ2 · k1
+ǫ1 · ℓ (4ǫ2 · k4 − 2(D − 2)ǫ2 · ℓ)] ǫ3 · k4
]
ǫ4 · ℓ+ k1 · k3
{
− (k1 · l) ǫ1 · ǫ4ǫ2 · ǫ3
+k4 · ℓǫ1 · ǫ4ǫ2 · ǫ3 − k3 · ℓǫ1 · ǫ3ǫ2 · ǫ4 + (2ǫ1 · ǫ4ǫ2 · ℓ− 2ǫ1 · ℓǫ2 · ǫ4) ǫ3 · k4
+ (− (k1 · k2 + 2k1 · k4) ǫ1 · ǫ2 − 2ǫ1 · k4ǫ2 · ℓ+ 2ǫ1 · ℓǫ2 · k4) ǫ3 · ǫ4
(B.3)
17
−
1
2
[8ǫ1 · ǫ3ǫ2 · ℓ+ 4ǫ1 · ǫ3ǫ2 · k1 − 8ǫ1 · ℓǫ2 · ǫ3 + 4ǫ1 · k4ǫ2 · ǫ3 −Dǫ1 · ǫ2ǫ3 · ℓ
+2ǫ1 · ǫ2ǫ3 · ℓ+Dǫ1 · ǫ2ǫ3 · k4 − 6ǫ1 · ǫ2ǫ3 · k4] ǫ4 · ℓ
}
+
[
((k1 · ℓ+ k4 · ℓ) ǫ1 · k4
+2 (k1 · k2ǫ1 · k3 + k3 · ℓǫ1 · k4)) ǫ2 · ǫ3 + (2ǫ1 · k4 (2ǫ2 · ℓ+ ǫ2 · k1)
+2 (−2ǫ1 · ℓ+ ǫ1 · k3 + ǫ1 · k4) ǫ2 · k4) ǫ3 · ℓ+ (2k1 · k3ǫ1 · ǫ2 − 2 (ǫ1 · k3 + 2ǫ1 · k4) ǫ2 · ℓ
−2ǫ1 · ℓ (ǫ2 · k1 − ǫ2 · k4)) ǫ3 · k4
]
ǫ4 · k1 +
[
1
2
(k1 · l − k4 · ℓ) ǫ1 · k3ǫ2 · ǫ3
−2 ((k1 · k4ǫ1 · k3 + k1 · k2ǫ1 · k4) ǫ2 · ǫ3 + ǫ1 · k4ǫ2 · k1ǫ3 · ℓ)
+ (2ǫ1 · k4ǫ2 · ℓ− 2ǫ1 · ℓǫ2 · k4) ǫ3 · k1 + k1 · k3ǫ1 · ǫ2ǫ3 · k4
+ǫ1 · ℓ
(
−
2
3
k3 · ℓǫ2 · ǫ3 − 4ǫ2 · k4ǫ3 · ℓ+ 2 (2ǫ2 · ℓ+ ǫ2 · k1) ǫ3 · k4
)]
ǫ4 · k3
+
1
24
k1 · ℓ
{
12 (k3 · ℓ+ k4 · ℓ) ǫ1 · ǫ4ǫ2 · ǫ3 − 24 (k1 · k3 + k1 · k4) ǫ1 · ǫ3ǫ2 · ǫ4
−4(D − 2) (3ǫ1 · ǫ4ǫ2 · ℓ− 3ǫ1 · ℓǫ2 · ǫ4 + 2 (ǫ1 · ǫ4ǫ2 · k1 + ǫ1 · k3ǫ2 · ǫ4 + ǫ1 · k4ǫ2 · ǫ4)) ǫ3 · ℓ
+4 ((D − 2)ǫ1 · ǫ4ǫ2 · ℓ− 6ǫ1 · ǫ4 (ǫ2 · k1 + ǫ2 · k4) + (D − 2)ǫ1 · ℓǫ2 · ǫ4 + 6ǫ1 · k3ǫ2 · ǫ4) ǫ3 · k1
+2
(
6(D − 2)ǫ1 · ǫ4ǫ2 · ℓ+ 3ǫ1 · ǫ4 ((D − 6)ǫ2 · k1 − 4ǫ2 · k4)− 4(D − 2)ǫ1 · ℓǫ2 · ǫ4
+3(D − 2) (ǫ1 · k3 + ǫ1 · k4) ǫ2 · ǫ4
)
ǫ3 · k4 + 2(D − 2)
(
4ǫ1 · k3ǫ2 · ℓ+ 4ǫ1 · ℓ (ǫ2 · k1 + ǫ2 · k4)
−3 (k1 · k3ǫ1 · ǫ2 + ǫ1 · k3ǫ2 · k4 + ǫ1 · k4 (ǫ2 · k1 + ǫ2 · k4))
)
ǫ3 · ǫ4
+3k1 · k2 (−10ǫ1 · ǫ3ǫ2 · ǫ4 + 22ǫ1 · ǫ2ǫ3 · ǫ4 +D (ǫ1 · ǫ4ǫ2 · ǫ3 + ǫ1 · ǫ3ǫ2 · ǫ4 − 3ǫ1 · ǫ2ǫ3 · ǫ4))
+4 (−(D − 2)ǫ1 · ǫ3 (3ǫ2 · ℓ+ 2ǫ2 · k1)− [−3(D − 2)ǫ1 · ℓ− 4ǫ1 · k4
+2D (ǫ1 · k3 + ǫ1 · k4)] ǫ2 · ǫ3 + (D − 2)ǫ1 · ǫ2 (−6ǫ3 · ℓ+ 2ǫ3 · k1 + 7ǫ3 · k4)) ǫ4 · ℓ
+2 [2ǫ1 · ǫ3 ((D − 2)ǫ2 · ℓ+ 6ǫ2 · k4) + 2(D − 2)ǫ1 · ℓǫ2 · ǫ3
−(D − 2)ǫ1 · ǫ2 (3ǫ3 · k4 − 4ǫ3 · ℓ)] ǫ4 · k1 + 2
[
− (ǫ1 · ǫ3) (2(D − 2)ǫ2 · ℓ
+3(D − 2)ǫ2 · k1 − 12ǫ2 · k4)− (−4(D − 2)ǫ1 · ℓ− 6ǫ1 · k4 + 3D (ǫ1 · k3 + ǫ1 · k4)) ǫ2 · ǫ3
+ǫ1 · ǫ2 (2(D − 2)ǫ3 · ℓ+ 3(D − 2)ǫ3 · k1 − 24ǫ3 · k4)
]
ǫ4 · k3
}
+k1 · k4 (− (k1 · ℓ) ǫ1 · ǫ4ǫ2 · ǫ3 − 2k3 · ℓǫ1 · ǫ4ǫ2 · ǫ3 − k4 · ℓǫ1 · ǫ4ǫ2 · ǫ3
−k1 · k2ǫ1 · ǫ3ǫ2 · ǫ4 + [−3k1 · k2ǫ1 · ǫ2 + 2ǫ1 · k3ǫ2 · ℓ− 2ǫ1 · k4ǫ2 · k1 − 2ǫ1 · k3ǫ2 · k4
−2ǫ1 · k4ǫ2 · k4 + 2ǫ1 · ℓ (ǫ2 · k1 + ǫ2 · k4)] ǫ3 · ǫ4 + ǫ3 · ℓ
[
− 4ǫ1 · ǫ4ǫ2 · ℓ− 2ǫ1 · ǫ4ǫ2 · k1
−2ǫ1 · k3ǫ2 · ǫ4 − 2 (ǫ1 · k4 − 2ǫ1 · ℓ) ǫ2 · ǫ4 +
1
2
(D − 2)ǫ1 · ǫ2ǫ4 · ℓ
]
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+ǫ3 · k4
(
4ǫ1 · ǫ4ǫ2 · ℓ+ 2ǫ1 · ǫ4ǫ2 · k1 + 2ǫ1 · k3ǫ2 · ǫ4 + 2 (ǫ1 · k4 − 2ǫ1 · ℓ) ǫ2 · ǫ4
−
1
2
Dǫ1 · ǫ2ǫ4 · ℓ
)
+ (−2ǫ1 · ǫ3ǫ2 · ℓ− 2ǫ1 · ǫ3ǫ2 · k1 + 2ǫ1 · ℓǫ2 · ǫ3 − 2ǫ1 · k4ǫ2 · ǫ3
+2ǫ1 · ǫ2ǫ3 · ℓ+ 2ǫ1 · ǫ2ǫ3 · k1 + ǫ1 · ǫ2ǫ3 · k4) ǫ4 · k3) +
1
24
k4 · ℓ
{
− 48k1 · k3ǫ1 · ǫ3ǫ2 · ǫ4
+4(D − 2) (3ǫ1 · ǫ4ǫ2 · ℓ+ 3ǫ1 · ǫ4ǫ2 · k1 + ǫ1 · ǫ4ǫ2 · k4 + 6ǫ1 · ℓǫ2 · ǫ4 + ǫ1 · k3ǫ2 · ǫ4
+2ǫ1 · k4ǫ2 · ǫ4) ǫ3 · ℓ+ 24
(
ǫ1 · ǫ4 (ǫ2 · k1 + ǫ2 · k4) +
1
6
(D − 2)ǫ1 · ℓǫ2 · ǫ4
+2ǫ1 · k3ǫ2 · ǫ4
)
ǫ3 · k1 − 2 [4(D − 2)ǫ1 · ǫ4ǫ2 · ℓ+ 3ǫ1 · ǫ4 ((D − 6)ǫ2 · k1 − 4ǫ2 · k4)
+8(D − 2)ǫ1 · ℓǫ2 · ǫ4 + 3(D − 2) (ǫ1 · k3 + ǫ1 · k4) ǫ2 · ǫ4] ǫ3 · k4
+
[
3(D − 2) (3k1 · k3 + k1 · k4) ǫ1 · ǫ2 − 4(D − 2) (ǫ1 · k3 − ǫ1 · k4) ǫ2 · ℓ
+4(D − 2)ǫ1 · ℓ (3ǫ2 · ℓ+ 6ǫ2 · k1 + 4ǫ2 · k4) + 6ǫ1 · k4 ((D − 6)ǫ2 · k1 + (D − 2)ǫ2 · k4)
+3ǫ1 · k3 (2(D − 2)ǫ2 · k4 − 8ǫ2 · k1)
]
ǫ3 · ǫ4 − 3k1 · k2 [−2ǫ1 · ǫ3ǫ2 · ǫ4 + 8ǫ1 · ǫ2ǫ3 · ǫ4
+D (ǫ1 · ǫ4ǫ2 · ǫ3 + ǫ1 · ǫ3ǫ2 · ǫ4 − 4ǫ1 · ǫ2ǫ3 · ǫ4)] + 6k3 · ℓ [−2ǫ1 · ǫ3ǫ2 · ǫ4
+2ǫ1 · ǫ2ǫ3 · ǫ4 +D (ǫ1 · ǫ4ǫ2 · ǫ3 + ǫ1 · ǫ3ǫ2 · ǫ4 − ǫ1 · ǫ2ǫ3 · ǫ4)]− 6k1 · ℓ
[
D (ǫ1 · ǫ4ǫ2 · ǫ3
+ǫ1 · ǫ3ǫ2 · ǫ4 + ǫ1 · ǫ2ǫ3 · ǫ4)− 2 (ǫ1 · ǫ3ǫ2 · ǫ4 + ǫ1 · ǫ2ǫ3 · ǫ4)
]
+ 12
(
Dǫ1 · ℓǫ2 · ǫ3
+(D − 2)ǫ1 · ǫ2 (ǫ3 · k4 − ǫ3 · ℓ)
)
ǫ4 · ℓ+ 2(D − 2) [2ǫ1 · ℓǫ2 · ǫ3
+ǫ1 · ǫ2 (3ǫ3 · k4 − 4ǫ3 · ℓ)] ǫ4 · k1 + 2
[
(D − 2)ǫ1 · ǫ3 (4ǫ2 · ℓ+ 3ǫ2 · k1)
+ (8(D − 2)ǫ1 · ℓ− 6ǫ1 · k4 + 3D (ǫ1 · k3 + ǫ1 · k4)) ǫ2 · ǫ3 − ǫ1 · ǫ2 (4(D − 2)ǫ3 · ℓ
+3(D − 2)ǫ3 · k1 + 12ǫ3 · k4)
]
ǫ4 · k3
}
+
1
12
k3 · ℓ
{
− 6k4 · ℓǫ1 · ǫ4ǫ2 · ǫ3
+2ǫ2 · ǫ4 (6 (k1 · k4ǫ1 · ǫ3 + ǫ1 · k3ǫ3 · k1) + (D − 2)ǫ1 · ℓ (3ǫ3 · ℓ+ ǫ3 · k1 − 2ǫ3 · k4))
+2 [6 (2k1 · k2ǫ1 · ǫ2 + ǫ1 · k3ǫ2 · k1 + ǫ1 · k4ǫ2 · k1)− (D − 2)ǫ1 · ℓ (3ǫ2 · ℓ+ ǫ2 · k1
−2ǫ2 · k4)] ǫ3 · ǫ4 − 3k1 · ℓ [−2ǫ1 · ǫ3ǫ2 · ǫ4 + 2ǫ1 · ǫ2ǫ3 · ǫ4 +D (ǫ1 · ǫ4ǫ2 · ǫ3
+ǫ1 · ǫ3ǫ2 · ǫ4 − ǫ1 · ǫ2ǫ3 · ǫ4)] + 2 [(D − 2)ǫ1 · ǫ3 (3ǫ2 · ℓ+ 2ǫ2 · k1 − ǫ2 · k4)
+ (6(D − 2)ǫ1 · ℓ− 2ǫ1 · k4 +D (2ǫ1 · k3 + ǫ1 · k4)) ǫ2 · ǫ3 − (D − 2)ǫ1 · ǫ2 (3ǫ3 · ℓ
+2ǫ3 · k1 − ǫ3 · k4)] ǫ4 · ℓ+ 2 ((D − 2)ǫ1 · ℓǫ2 · ǫ3 − 6ǫ1 · ǫ3ǫ2 · k4) ǫ4 · k1
+4 (Dǫ1 · ℓǫ2 · ǫ3 − 3 (ǫ1 · ǫ3ǫ2 · k4 + ǫ1 · ǫ2ǫ3 · k4)) ǫ4 · k3
}]
19
Appendix C: Comments on generalizations for higher loop amplitudes
The one-loop double forward-limit was originally obtained by considering two-loop am-
plitudes in the ambitwistor string theory. Considering correlation functions over a genus
two Riemann surface, one may localize on the boundary of the moduli space by applying
the global residue theorem. Mathematically, we are thus considering the hyperelliptic curve
y2 = (z − a1)(z − a2)(z − λ1)(z − λ2)(z − λ3), (C.1)
where a1 6= a2 are two fixed branch points and (λ1, λ2, λ3) parametrize the moduli space,
and we focus at the degeneration points, λ1 = a1 and λ2 = a2 pinching the A-cycles. It
should be noted that many of the other singularities cancel out after computing the CHY
integrals. The two global holomorphic forms on this curve,
Ω1 dz =
dz
y
, Ω2 dz =
z dz
y
, (C.2)
are in correspondence with the loop momenta, and turn into [16]{
dz
y
,
z dz
y
}∣∣∣∣
λ1=a1
λ2=a2
⇒
{
ω1σ dσ =
(σ1+ − σ1−) dσ
(σ − σ1+)(σ − σ1−)
, ω2σ dσ =
(σ2+ − σ2−) dσ
(σ − σ2+)(σ − σ2−)
}
,
where σ is the holomorphic coordinate on the Riemann sphere. The four new marked points,
(σ1+ , σ1−, σ2+ , σ2−), have as momentum vectors, (ℓ1,−ℓ1, ℓ2,−ℓ2), in the double forward
limit. Therefore, the only building blocks to construct well-defined integrands are given by
the set of variables {
1
σi − σj
, ω1σi, ω
2
σi
}
, (C.3)
and using a particular combination of these we can generate integrands that are quadratic
in loop momentum. In [16], a detailed analysis about this subject can be found, and it is
seen that,
ICHY = IL(ω1)×IR(ω2)
∫
dµn ICHY
−−−−−−−−−−→
1
(ℓ1 + ℓ2)2(ℓ1 + ℓ2 + k1)2 · · · (ℓ1 + ℓ2 + k1 + · · ·+ kp)2
.
Following the same line of thought, we can generalize to two-loops, and similar ideas can
be performed beyond two-loops. We consider in the two-loop case a hyperelliptic curve,
y2 = f(z), of degree 10, which describe Riemann surfaces of genus g=4 (it is well known
that not every Riemann surface of genus g = 4 can be written as a hyperelliptic curve [48],
however, this is not a problem if we localize on the boundary of the moduli space). On this
20
curve, there are four global holomorphic forms that are related to the four loop momenta.
Using the global residue theorem, the A-cycles are pinched, and the holomorphic forms turn
into,
{
dz
y
,
z dz
y
,
z2 dz
y
,
z3 dz
y
}∣∣∣∣
Pinching
A−cycles
⇒
{
ωασ dσ =
(σα+ − σα−) dσ
(σ − σα+)(σ − σα−)
}
, α = 1, 2, 3, 4.
Thus the amplitude is localized on a Riemann sphere with eight new extra punctures,
(σ1+ , σ1−, . . . , σ4+ , σ4−). The momenta associated to these marked points are in the for-
ward limit, i.e. (ℓ1,−ℓ1, . . . , ℓ4,−ℓ4), respectively. The results obtained in [16] suggests that
CHY integrands with combinations of the products of {q1i , q
2
i , q
3
i }, given in Table I, are able
IL IR
q1i ω
1
σi
(ω1σi − ω
3
σi
) ω2σi(ω
2
σi
− ω4σi)
q2i ω
3
σi
(ω3σi − ω
1
σi
) ω4σi(ω
4
σi
− ω2σi)
q3i ω
1
σi
ω3σi ω
2
σi
ω4σi
Table I. Integrand building blocks.
to reproduce quadratic propagators in terms of the momenta, L1 = ℓ1+ ℓ2 and L2 = ℓ3+ ℓ4,
both in the planar and nonplanar sectors. We leave following up on these ideas to future
work.
[1] F. Cachazo, S. He and E. Y. Yuan, “Scattering equations and Kawai-Lewellen-Tye orthogonal-
ity,” Phys. Rev. D 90 (2014) no.6, 065001 [1306.6575 [hep-th]].
[2] F. Cachazo, S. He and E. Y. Yuan, “Scattering of Massless Particles in Arbitrary Dimensions,”
Phys. Rev. Lett. 113 (2014) no.17, 171601 [1307.2199 [hep-th]].
[3] F. Cachazo, S. He and E. Y. Yuan, “Scattering of Massless Particles: Scalars, Gluons and
Gravitons,” JHEP 1407 (2014) 033 [1309.0885 [hep-th]]; “Einstein-Yang-Mills Scattering Am-
plitudes From Scattering Equations,” JHEP 1501 (2015) 121 [1409.8256 [hep-th]]; “Scattering
21
Equations and Matrices: From Einstein To Yang-Mills, DBI and NLSM,” JHEP 1507 (2015)
149 [1412.3479 [hep-th]].
[4] Y. Geyer, L. Mason, R. Monteiro and P. Tourkine, “Loop Integrands for Scattering Amplitudes
from the Riemann Sphere,” Phys. Rev. Lett. 115 (2015) no.12, 121603 [1507.00321 [hep-th]].
[5] T. Adamo, E. Casali and D. Skinner, “Ambitwistor strings and the scattering equations at one
loop,” JHEP 1404 (2014) 104 [1312.3828 [hep-th]].
[6] L. Mason and D. Skinner, “Ambitwistor strings and the scattering equations,” JHEP 1407
(2014) 048 [1311.2564 [hep-th]].
[7] C. Baadsgaard, N. E. J. Bjerrum-Bohr, J. L. Bourjaily, P. H. Damgaard and B. Feng, “Inte-
gration Rules for Loop Scattering Equations,” JHEP 1511 (2015) 080 [1508.03627 [hep-th]].
[8] S. He and E. Y. Yuan, “One-loop Scattering Equations and Amplitudes from Forward Limit,”
Phys. Rev. D 92 (2015) no.10, 105004 [1508.06027 [hep-th]].
[9] N. E. J. Bjerrum-Bohr, P. H. Damgaard, P. Tourkine and P. Vanhove, “Scattering Equations
and String Theory Amplitudes,” Phys. Rev. D 90 (2014) no.10, 106002 [1403.4553 [hep-th]];
C. Baadsgaard, N. E. J. Bjerrum-Bohr, J. L. Bourjaily and P. H. Damgaard, “Scattering
Equations and Feynman Diagrams,” JHEP 1509 (2015) 136 [1507.00997 [hep-th]]; “Integration
Rules for Scattering Equations,” JHEP 1509 (2015) 129 [1506.06137 [hep-th]].
[10] B. Feng, “CHY-construction of Planar Loop Integrands of Cubic Scalar Theory,” JHEP 1605
(2016) 061 [1601.05864 [hep-th]].
[11] Y. Geyer and R. Monteiro, “Two-Loop Scattering Amplitudes from Ambitwistor Strings: from
Genus Two to the Nodal Riemann Sphere,” JHEP 1811 (2018) 008 [1805.05344 [hep-th]].
[12] Y. Geyer and R. Monteiro, “Gluons and gravitons at one loop from ambitwistor strings,” JHEP
1803 (2018) 068 [1711.09923 [hep-th]].
[13] C. Baadsgaard, N. E. J. Bjerrum-Bohr, J. L. Bourjaily, S. Caron-Huot, P. H. Damgaard and
B. Feng, “New Representations of the Perturbative S-Matrix,” Phys. Rev. Lett. 116 (2016)
no.6, 061601 [1509.02169 [hep-th]].
[14] R. Huang, Q. Jin, J. Rao, K. Zhou and B. Feng, “The Q-cut Representation of One-loop
Integrands and Unitarity Cut Method,” JHEP 1603 (2016) 057 [1512.02860 [hep-th]].
[15] J. A. Farrow and A. E. Lipstein, “From 4d Ambitwistor Strings to On Shell Diagrams and
Back,” JHEP 07, 114 (2017) doi:10.1007/JHEP07(2017)114 [arXiv:1705.07087 [hep-th]].
[16] H. Gomez, S. Mizera and G. Zhang, “CHY Loop Integrands from Holomorphic Forms,” JHEP
22
1703 (2017) 092 [1612.06854 [hep-th]].
[17] H. Gomez, “Quadratic Feynman Loop Integrands From Massless Scattering Equations,” Phys.
Rev. D 95 (2017) no.10, 106006 [1703.04714 [hep-th]]; H. Gomez, C. Lopez-Arcos and P. Talav-
era, “One-loop Parke-Taylor factors for quadratic propagators from massless scattering equa-
tions,” JHEP 1710 (2017) 175 [1707.08584 [hep-th]]; N. Ahmadiniaz, H. Gomez and C. Lopez-
Arcos, “nonplanar one-loop Parke-Taylor factors in the CHY approach for quadratic propaga-
tors,” JHEP 1805 (2018) 055 [1802.00015 [hep-th]].
[18] N. E. J. Bjerrum-Bohr, J. L. Bourjaily, P. H. Damgaard and B. Feng, “Analytic representations
of Yang-Mills amplitudes,” Nucl. Phys. B 913 (2016) 964 [1605.06501 [hep-th]].
[19] N. E. J. Bjerrum-Bohr, J. L. Bourjaily, P. H. Damgaard and B. Feng, “Manifesting Color-
Kinematics Duality in the Scattering Equation Formalism,” JHEP 1609 (2016) 094 [1608.00006
[hep-th]].
[20] C. Cardona, B. Feng, H. Gomez and R. Huang, “Cross-ratio Identities and Higher-order Poles
of CHY-integrand,” JHEP 1609 (2016) 133 [1606.00670 [hep-th]].
[21] S. He and O. Schlotterer, “New Relations for Gauge-Theory and Gravity Amplitudes at Loop
Level,” Phys. Rev. Lett. 118 (2017) no.16, 161601 [1612.00417 [hep-th]].
[22] S. He, O. Schlotterer and Y. Zhang, “New BCJ representations for one-loop amplitudes in
gauge theories and gravity,” Nucl. Phys. B 930 (2018) 328 [1706.00640 [hep-th]].
[23] Y. J. Du and F. Teng, “BCJ numerators from reduced Pfaffian,” JHEP 1704, 033 (2017)
[1703.05717 [hep-th]].
[24] D. Melrose,“Reduction of Feynman diagrams,” Nuovo Cim. 40, 181-213 (1965)
[25] Z. Bern, L. J. Dixon and D. A. Kosower, “Dimensionally regulated pentagon integrals,” Nucl.
Phys. B 412, 751-816 (1994) [hep-ph/9306240 [hep-ph]].
[26] Z. Bern, L. J. Dixon, D. C. Dunbar and D. A. Kosower, “One loop n point gauge theory
amplitudes, unitarity and collinear limits,” Nucl. Phys. B 425 (1994) 217 [hep-ph/9403226].
[27] H. Elvang and Y. Huang, “Scattering Amplitudes,” [1308.1697 [hep-th]].
[28] N. E. J. Bjerrum-Bohr, P. H. Damgaard, B. Feng and T. Sondergaard, “Gravity and Yang-
Mills Amplitude Relations,” Phys. Rev. D 82 (2010) 107702 [1005.4367 [hep-th]]; “Proof of
Gravity and Yang-Mills Amplitude Relations,” JHEP 1009 (2010) 067 [1007.3111 [hep-th]];
N. E. J. Bjerrum-Bohr, P. H. Damgaard, T. Sondergaard and P. Vanhove, “The Momentum
Kernel of Gauge and Gravity Theories,” JHEP 1101 (2011) 001 doi:10.1007/JHEP01(2011)001
23
[1010.3933 [hep-th]].
[29] R. Monteiro and D. O’Connell, “The Kinematic Algebras from the Scattering Equations,” JHEP
1403 (2014) 110 [1311.1151 [hep-th]].
[30] Y. J. Du, B. Feng and C. H. Fu, “Dual-color decompositions at one-loop level in Yang-Mills
theory,” JHEP 1406 (2014) 157 [1402.6805 [hep-th]].
[31] Z. Bern, J. J. Carrasco, M. Chiodaroli, H. Johansson and R. Roiban, “The Duality Between
Color and Kinematics and its Applications,” 1909.01358 [hep-th].
[32] C. R. Mafra, O. Schlotterer and S. Stieberger, “Explicit BCJ Numerators from Pure Spinors,”
JHEP 1107 (2011) 092 [1104.5224 [hep-th]].
[33] Z. Bern, J. J. M. Carrasco and H. Johansson, “New Relations for Gauge-Theory Amplitudes,”
Phys. Rev. D 78 (2008) 085011 [0805.3993 [hep-ph]].
[34] C. H. Fu, Y. J. Du, R. Huang and B. Feng, “Expansion of Einstein-Yang-Mills Amplitude,”
JHEP 1709 (2017) 021 [1702.08158 [hep-th]].
[35] F. Cachazo, S. He and E. Y. Yuan, “New Double Soft Emission Theorems,” Phys. Rev. D
92 (2015) no.6, 065030 [1503.04816 [hep-th]]; D. Nandan, J. Plefka and W. Wormsbecher,
“Collinear limits beyond the leading order from the scattering equations,” JHEP 1702 (2017)
038 [1608.04730 [hep-th]].
[36] N. E. J. Bjerrum-Bohr, P. H. Damgaard and H. Gomez, “New Factorization Relations
for Yang Mills Amplitudes,” Phys. Rev. D 99 (2019) no.2, 025014 [1810.05023 [hep-th]];
N. E. J. Bjerrum-Bohr, H. Gomez and A. Helset, “New factorization relations for nonlinear
sigma model amplitudes,” Phys. Rev. D 99 (2019) no.4, 045009 [1811.06024 [hep-th]].
[37] H. Gomez, “Scattering equations and a new factorization for amplitudes. Part I. Gauge the-
ories,” JHEP 1905 (2019) 128 [1810.05407 [hep-th]]; F. Cachazo, S. He and E. Y. Yuan,
“One-Loop Corrections from Higher Dimensional Tree Amplitudes,” JHEP 1608 (2016) 008
[1512.05001 [hep-th]].
[38] Z. Bern, S. Davies, T. Dennen, Y. t. Huang and J. Nohle, “Color-Kinematics Duality for
Pure Yang-Mills and Gravity at One and Two Loops,” Phys. Rev. D 92 (2015) no.4, 045041
[1303.6605 [hep-th]].
[39] J. A. Farrow, Y. Geyer, A. E. Lipstein, R. Monteiro and R. Stark-Muchão, “Propagators,
BCFW Recursion and New Scattering Equations at One Loop,” [arXiv:2007.00623 [hep-th]].
[40] N. Berkovits, “Infinite Tension Limit of the Pure Spinor Superstring,” JHEP 1403 (2014) 017
24
[1311.4156 [hep-th]].
[41] Y. Geyer, R. Monteiro and R. Stark-Muchão, “Two-Loop Scattering Amplitudes:
Double-Forward Limit and Colour-Kinematics Duality,” JHEP 12, 049 (2019)
doi:10.1007/JHEP12(2019)049 [1908.05221 [hep-th]].
[42] N. Bjerrum-Bohr, A. Cristofoli, P. H. Damgaard and H. Gomez, “Scalar-Graviton Amplitudes,”
JHEP 11, 148 (2019) [1908.09755 [hep-th]].
[43] N. E. J. Bjerrum-Bohr, P. H. Damgaard, G. Festuccia, L. Planté, and P. Vanhove, “General
Relativity from Scattering Amplitudes,” Phys. Rev. Lett. 121 (2018) no.17, 171601, [1806.04920
[hep-th]].
[44] D. Forde, “Direct extraction of one-loop integral coefficients,” Phys. Rev. D 75, 125019 (2007),
[0704.1835 [hep-ph]].
[45] D. Chester, “Bern-Carrasco-Johansson relations for one-loop QCD integral coefficients,” Phys.
Rev. D 93, 065047 (2016). [1601.00235 [hep-ph]].
[46] E. Nigel Glover and C. Williams, “One-Loop Gluonic Amplitudes from Single Unitarity Cuts,”
JHEP 12, 067 (2008), [0810.2964 [hep-th]].
[47] R. Britto and E. Mirabella, “Single Cut Integration,” JHEP 01, 135 (2011), [1011.2344 [hep-
th]].
[48] P. Griffiths and J. Harris, “Principles of Algebraic Geometry,” John Wiley & Son, Inc, 1987,
ISBN: 9780471050599.
25
